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Abstract
Compact analytical formulae for QED radiative corrections in the processes of elastic e−p scattering are
obtained in the case when kinematic variables are reconstructed from the recoil proton momentum measured.
Numerical analysis is presented under kinematic conditions of current experiments at JLab.
1 Introduction
With the advent of new-generation electron accelerators such as CEBAF, experiments on elastic electron–
proton scattering in the GeV-range were brought to the new level of precision. One of the novel features of
the experiments is that in addition to the scattered electron, the momentum of recoil proton can be directly
measured, while both the electron beam and the proton target may be polarized. The cross section depends
only on one kinematic variable, so the measurement of final momenta gives several possibilities to reconstruct
this kinematic variable from measurements. It results in different methods of data analysis, the best of them
being chosen from experimental conditions such as resolution and others. Often it is used for reducing influence
of radiative effects, which accompany any process with electrons. Ref.[1] presents a review of the radiative
corrections calculations under different approaches of kinematic variable reconstructions in experiments at
HERA.
In this paper we consider the case of elastic measurement
e(k1) + p(p1)→ e(k2) + p(p2) (1)
where the initial electron is polarized longitudinally and only momentum of the final proton is measured or
is used in Q2 = −(p2 − p1)2 reconstruction. The corresponding method is known as reconstruction within
hadronic variables [1, 2]. There are two types of such experiments. In the first type the proton is considered
to be polarized either longitudinally or transversely. In the second case the polarization states of recoil proton
are measured. We calculate radiative corrections (see Fig.1) for these measurements and for hadronic variables
reconstruction method.
Measurement of final proton momentum allows to define three independent kinematic variables. A natural
choice for them are Q2, azimuthal angle and so-called inelasticity u = (k1 + p1 − p2)2 −m2, where m is the
electron mass. Since at the Born level u = 0 and u > 0 if the additional photon is emitted in the final state of
(1), one can constrain (or cut) the range of u to reduce value of radiative corrections (RC).
We calculate RC to the cross sections and asymmetries differential in Q2. When leptonic variables reconstruc-
tion method is used, the integration over photonic momentum phase space cannot be performed analytically.
The reason is that an argument of formfactors (Q2 transferred to the proton) depends on the photon momen-
tum. So the integration is left for numerical analysis in order to avoid additional assumptions about specific
models for formfactors. The advantage of the reconstruction method in terms of hadronic variables is that the
integration can be performed analytically and completely both for unpolarized and polarized parts of the cross
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Figure 1: Feynman diagrams contributing to the Born and the radiative correction cross sections.
section. A more detailed discussion of advantages of RC calculation for elastic scattering within leptonic and
hadronic variables can be found in ref.[3]
There are two possibilities in considering the polarization parts of the cross section. We consider different
polarization states. It corresponds to different coefficients of expansion of polarization vectors, while the form
of the expansion is the same. Since these coefficients depend on inelasticity (see Section 2), which is a function
of photon momentum, we can produce either formulae for all specific polarization cases or get only one set of
formulae for the polarization states but leaving integration over inelasticity for numerical analysis. We choose
the second way. We will see in Section 3, that obtained formulae are very simple even in the general case.
We use the approach of Bardin and Shumeiko [4] for this calculation. Advantages of the approach are absence
of any approximations both in the procedure of extraction and cancellation of infrared divergent terms and in
integration over photon phase space. However it is known that mass singularity terms still remain within these
formulae. In our case we perform additional procedure to extract these mass singularity terms. The result of
the expansion can be presented as
σ = log
Q2
m2
A(Q2) +B(Q2) +O
(
m2
Q2
)
(2)
where independent on electron mass functions A(Q2) and B(Q2) appear as LO and NLO contribution to the
cross section. The explicit formulae in the form of (2) are presented in Section 3.
Section 4 is devoted to numerical analysis within kinematic conditions of experiments at JLab. We analyze
RC to unpolarized cross section and different asymmetries accessed in polarization measurements. Furthermore,
obtained results can be applied for other reactions, where ep → epγ is a background process. In Section 4 a
specific example is considered when the process is background to measurements of pion production by polarized
real photons at JLab.
2 The Born cross section and kinematics
The Born cross section of the process (1) can be written in the form
dσ0 =
M20
4pk1
dΓ0 = M
2
0
dQ2
16πS2
(3)
where S = 2k1p. Kinematic limits for Q
2 are defined as
0 ≤ Q2 ≤ λs
S +m2 +M2
, λs = S
2 − 4m2M2 (4)
where (m,M are the electron and proton masses). Here, for generality, we keep the electron mass, however,
below we will neglect it wherever possible. At the Born level the mass can be set to zero in the final formulae,
while for RC cross section we will construct expansion (2). We note that in general we should keep explicit
azimuthal angular dependence. The cross section (both Born and RC ones) does not depend on this angle,
but kinematic cuts can. We assumed that there is only a cut on inelasticity or all other cuts can be effectively
reduced to it. In this case integration over the azimuthal angle can be performed analytically, that results to
(3). Born matrix element is the contraction of leptonic and hadronic tensors:
M20 =
e4
Q4
L0µνWµν (5)
2
We use standard definitions for the leptonic tensor,
L0µν =
1
2
Tr(kˆ2 +m)γµ(1 + γ5ξˆ)(kˆ1 +m)γν . (6)
The hadronic tensor can be described by four structure functions in all considered cases:
Wµν =
∑
i
wiµνFi (7)
with
w1µν = −gµν w2µν =
pµpν
M2
w3µν = −iǫµνλσ
qλησ
M
, w4µν = iǫµνλσ
qλpσ ηq
M3
(8)
and (τp = Q
2/4M2)
F1 = 4τpM2G2m F2 = 4M2
G2E + τpG
2
m
1 + τp
F3 = −2M2GEGM , F4 = −M2GM GE −GM
1 + τp
. (9)
Polarization effects are described by polarization four-vectors of the lepton (ξ) and proton (η). Following [5]
we expand them over the measured momenta k1, p1 and p2
ξ =
2√
λs
( S
2m
k1 −mp1
)
η = 2aηk1 + bηq + cη(p1 + p2) (10)
where q = p1−p2. In this paper we consider four1 polarization states, when initial or final protons are polarized
along or perpendicular (in the scattering plane) to the vector ~q. For these cases the following expressions of the
coefficients are used,
aLη = 0, b
L
η =
Q2 + 4M2
2M
√
λM
, cLη =
Q2
2M
√
λM
(11)
and
aTη =
Q2(Q2 + 4M2)
2
√
λh
√
λM
, bTη =
(Q2 + 4M2)Q2u
2
√
λh
√
λM
, cTη = −
Q2(2S −Q2u)
2
√
λh
√
λM
. (12)
Here Q2u = Q
2+u, λh = SQ
2(S−Q2u)−M2Q4u−m2λM and λM = Q2(Q2+4M2). These formulae are given for
the case of initial particles polarizations. For the final polarizations these formulae can be kept but bLη → −bLη .
One can make sure that initial and final polarization vectors exactly satisfy the necessary conditions:
η2L,T = −1, ηLηT = 0, qηT = 0, p¯ηL,T = 0 (13)
where p¯ is p1 or p2 in dependence of initial or final polarization vector is considered.
Calculating the contractions in (5) we obtain the Born cross section in the form
dσ0
dQ2
=
2πα2
S2Q4
∑
i
θiBFi, (14)
where
θ01 = 2Q
2
θ02 =
1
M2
(S2 −Q2S −M2Q2)
θ03 = −
2Q2
M
(Q2aη + (2S −Q2)cη)
θ04 =
Q4
M3
(2S −Q2)(aη − 2bη)
1The considered model independent RC does not include box-type contributions and therefore cannot lead to the additional
T-odd polarization and/or asymmetry. The polarization part of the cross section of the model independent RC as well as of the
Born cross section is exactly zero for normal polarization
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3 Radiative corrections
The cross section of radiative process (Fig. 1b,c)
e(k1) + p(p1) −→ e′(k2) + γ(k) + p(p2), (15)
can be presented in a general form
dσr =
M2r
4pk1
dΓr (16)
The phase space of three final particles
dΓr =
1
(2π)5
d3p2
2p20
d3k2
2k20
d3k
2k0
δ(p+ k1 − k2 − k − p2) (17)
can be parameterized in terms of four invariant variables [6, 7]: Q2, u = 2k2k, w = 2k1k and z2 = 2p2k
dΓr =
dQ2
8(2π)4S
um∫
0
du
wmax∫
wmin
dw
zmax∫
zmin
dz2√
Rz
(18)
where Rz comes from Gram determinant and coincides with a standard Rz-function from Bardin-Shumeiko
approach [4, 6]. The formalism to calculate it is general and is developed in [8]. Explicit formulae for analytical
integration are presented in papers [6, 7, 3]. Note that integration over the azimuthal angle is assumed to be
performed (see discussion after Eq.(4)).
The matrix element squared of radiated process reads
M2r =
e6
Q4h
LrµνWµν (19)
The leptonic tensors of radiative process in (19) looks like
Lrµν = −
1
2
Tr (kˆ2 +m)Γµα(1 + γ5ξˆ)(kˆ1 +m)Γ¯αν , (20)
where
Γµα =
[(
k1α
kk1
− k2α
kk2
)
γµ − γµkˆγα
2kk1
− γαkˆγµ
2kk2
]
, Γ¯αν =
[(
k1α
kk1
− k2α
kk2
)
γν − γαkˆγν
2kk1
− γν kˆγα
2kk2
]
. (21)
The calculation of the cross section of the radiative process is not so straightforward because of infrared
divergence. The separation of the infrared divergence can be performed in a standard way [4]:
dσr = dσ
IR
r + dσr − dσIRr = dσIRr + dσFr . (22)
The first term in r.h.s. of Eq. (22) has an infrared divergence and can be presented in the form:
dσIRr =
α
π
δIRdσ0 =
α
π
(δS + δH)dσ0 (23)
while the second one in (22) is finite for k → 0. The quantities δS and δH appear after additional splitting the
integration region over inelasticity u by the infinitesimal parameter u¯
δS =
−1
π
u¯∫
0
du
∫
dn−1k
(2πµ)n−4k0
FIRδ((Λh − k)2 −m2)
δH =
−1
π
um∫
u¯
du
∫
d3k
k0
FIRδ((Λh − k)2 −m2) (24)
where Λh = k1 + p1 − p2 and
FIR =
Q2
uw
− m
2
u2
− m
2
w2
. (25)
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For this specific procedure it is convenient to keep integration over photon momentum as it is. In this case one
delta function appears in the integrand. It is equivalent to integration over w and z2 in (18). The integration
gives the following results
δS = 2
(
P IR + log
u¯
mµ
)
(lm − 1) + 1 + lm − l2m −
π2
6
,
δH = 2(lm − 1) log um
u¯
− 1
2
(lv + lm)
2 + lv + lm − lw(lm + lw − lv)− π
2
6
− Li2
(
−um
Q2
)
,
lm = log
Q2
m2
, lv = log
um
Q2
, lw = − log(xm), xm = Q
2
Q2 + um
. (26)
The explicit expression for the additional photon exchange contribution coming from diagram (1d) has also
the factorized form:
dσV =
α
π
δV dσ0 (27)
where
δV = −2
(
P IR + log
m
µ
)
(lm − 1)− 1
2
l2m +
3
2
lm − 2 + π
2
6
(28)
Thus the sum of contributions (23) and (27)
δel = δV + δS + δ
IR
H = lm(lv − lw +
3
2
)− lv − 1− 3
2
l2w −
1
2
l2v + 2lwlv − Li2(xm) (29)
is infrared free.
The second term in (22) is infrared free. Hence this contribution can be written using the expression for
photon phase space (18) as
dσF =
α3
4
dQ2
S2Q4
4∑
i=1
θFi Fi. (30)
where only coefficients θFi include integrals:
θFi =
1
π
um∫
0
du
wmax∫
wmin
dw
zmax∫
zmin
dz2√
Rz
[Lrµν − αFIRL0µν ]wiµν =
1
π
1∫
xm
Q2
x2
dx
wmax∫
wmin
dw
zmax∫
zmin
dz2√
Rz
[Lrµν − αFIRL0µν ]wiµν .
(31)
Here we use the transformation of external variable u,
x =
Q2
u+Q2
, (32)
to have final results in the simplest form, where xm is defined in Eq.(26).
Integrals in (31) can be calculated analytically completely. However, as we discussed in Introduction, one
integration in polarization part of the cross section is retained for generality:
θF1 = 2Q
2[
1
xm
(2L− 1) + L+ 2lm(lw − 3)− 2lw + l2w − 2Li2(xm) +
π2
3
] (33)
θF2 =
1
M2
{
Q4lw −Q2(S +M2)[L+ 2lm(lw − 3) + l2w − 2Li2(xm) +
π2
3
] +
M2Q2
xm
[1− 2L]
+S(Q2 − S)[2xm(1− L)− 4lw − 1] + S2[x2mL+ 3− xm − 2x2m − 6lm]
}
θF3 =
2Q2
M
1∫
xm
dx
x
[
Q2aηh1 + (2Sh2 +Q
2h3)cη + (Q
2∆aη + (2S −Q2)∆cη)h4
]
+ θ03δ
F
pol
θF4 =
Q4
M3
1∫
xm
dx
x
[
(Q2h1 + 2Sh3)aη + (2Sh2 +Q
2h3)bη + (2S −Q2)h4(∆bη −∆aη)
]
+ θ04δ
F
pol
5
Here the contribution of polarization part is presented in such a form where x (or u) dependence is included
only in polarization coefficients and in functions:
h1 = (3x
2 − x+ 5− 2lx(2x2 + x+ 1))/x2, (34)
h2 = 1− 8x− 2lx(1− x),
h3 = (5x− 5 + 2lx(x + 1))/x,
h4 = (3x+ 4− 4lxx)/(1 − x).
The special procedure of additional subtraction was applied for polarization contribution in order to extract
mass singularity terms to lm, which is contained in lx = lm − log(x(1 − x)) and L = lm − lv + 2lw now. In
subtracted (and added) terms arguments of polarization coefficients were taken for x = 1 (or u = 0) as for Born
process. As a result differences ∆{a, b, c}η = {a, b, c}η(x)−{a, b, c}η(1) appeared in the integrands. Because of
added terms does not contain x-dependence of polarization coefficients, they can be integrated explicitly. This
is the origin of factorized terms with δFpol in expressions for θ
F
3 and θ
F
4 :
δFpol = −
1∫
xm
dx
[x4Q2(3Q2(1− x) + 4xm2)
(Q2(1− x) +m2x)2 + 3x
3 + 3x2 + 3x+ 3
]
(35)
= −3(lm + lv − lw)− 1 (36)
The last contribution which has to be taken into account (see Fig. 1e) is vacuum polarization by leptons and
by hadrons (dσvac). Leptonic contribution comes from QED (see [5], for example), while hadronic contribution
can be obtained from experimental data for the process e+e− → hadrons. We will use a model developed in
ref.[9]. The vacuum polarization correction has also a factorized form and we denote them δlvac and δ
h
vac for
leptonic and hadronic contributions.
The final result for the RC cross section is obtained by adding all the considered contributions:
dσV + dσr + dσvac =
α3
4
dQ2
S2Q4
4∑
i=1
[θFi + 4(δ
el + δlvac + δ
h
vac)θ
0
i ]Fi. (37)
This expression is the correction to the cross section differential in Q2 only. Sometimes it is necessary to have
formulae for the cross section versus inelasticity also. They can be obtained by straightforward differentiation
over xm (or um) of the result (37):
dσr
dx
=
dσr
du
Q2
x2
=
α3
4
dQ2
S2Q4
4∑
i=1
dθRi
dx
Fi. (38)
where
dθR1
dx
= −2Q2 2(1 + x
2)L+ 1− 8x
(1− x)x2 (39)
dθR2
dx
=
1
M2
{4(x2S(xS −Q2)−M2Q2)
(1− x)x −
Q4
x
− (xS(xS −Q
2)−M2Q2)[2(1 + x2)L+ 1− 2x(1 + x)]
(1− x)x2
}
dθR3
dx
=
2Q2(2(1 + x2)L − 8x2 + 6x− 5)(Q2aη + (2xS −Q2)xcη)
(1− x)x3M
dθR4
dx
=
Q4(2(1 + x2)L− 8x2 + 6x− 5)(2xS −Q2)(xbη − aη)
(1− x)x3M3
It is clear that only hard photon radiation can contribute to the functions. The terms containing xm in δ
′s and
in subtracted parts dσIRr have to be completely canceled. It can be seen in polarization parts that the terms
containing aη(1), bη(1) and cη(1) explicitly cancel out in final expressions (39).
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Figure 2: Radiative corrections to the unpolarized cross section (left plot) and polarization asymmetries (right
plot) defined in (41). Solid and dashed lines corresponds to longitudinal and transverse cases. S=8 GeV2.
4 Numerical analysis
The obtained results can have direct application in experiments at JLab, so we perform the numerical analysis
within kinematic conditions of JLab. First we consider the unpolarized cross section and RC to it. The next
step is consideration of polarization effects in two cases when initial or final protons are polarized.
Both the Born and observed cross sections can be split into unpolarized and polarized parts:
dσborn,obs
dQ2
= σb,obsu ± σb,obsp (40)
We consider four different polarization states described in Eqs.(11,12), so we have four different polarized parts
of cross sections, which, of course, corresponds to only one unpolarized cross section. Let us define the relative
corrections to the observable quantities in the current experiments:
δu =
σobsu
σbu
− 1, δL,T =
[
σobsp
σobsu
− σ
b
p
σbu
][
σbp
σbu
]
−1
=
σbu
σobsu
σobsp
σbp
− 1
δr =
[
σobspT
σobspL
− σ
b
pT
σbpL
][
σbpT
σbpL
]
−1
=
σbpL
σobspL
σobspT
σbpT
− 1 (41)
The first correction δu is the relative correction to unpolarized cross section. The δL,T are corrections to
polarization asymmetries measured by rotating the polarization states of initial protons. At last, the quantity δr
is the correction to the measured ratio of final proton polarizations [10, 11]. The correction to the unpolarized
cross section is presented in Figure 2a. The behavior is quite typical. For the very hard inelasticity cut (um ≪
Q2) the positive contribution due to real bremsstrahlung is suppressed, so there is only negative loop correction
contributing to cross section. Different ending values for the curves corresponds to different kinematically
allowed regions.
The correction to the asymmetry is given in the plot 2b. The magnitude of the correction does not exceed
1.5%. It goes up with increasing of Q2 and inelasticity cut. Second effect is clear because the only unfactorized
(different for unpolarized and polarized parts) hard bremsstrahlung can contribute to RC to asymmetries. The
Q2-dependence is also understood because of contribution of a large logarithm log(Q2/m2). Both the cross
sections and asymmetries have non-zero leading contributions, so the correction is larger when Q2 is going up.
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Figure 3: Radiative correction to recoil proton polarization for (43) in the region the invariant mass of the
unobserved state close to the pion mass. S=8GeV2.
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Figure 4: The cross section and proton polarizations of the process (43). Q2 here is equivalent to −t defined
in [13].
In the case of calculation of correction to the transferred polarization experiment the correction is negative
and does not exceed 1%. It is in agreement with our earlier estimation of the effect [12, 3].
An interesting application of our result can be found for the process
~γ + p→ π0 + ~p (42)
recently analyzed in JLab experiment [13]. Usually the photons in the reaction are produced by polarized
electron beam. As a result both photon and electrons are in the beam. Therefore when invariant mass of
undetected e and γ is close to the pion mass mpi the process considered in this paper
~e+ p→ e+ γ + ~p (43)
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can be background to the process (42). In the end of the section we analyze unpolarized cross section and recoil
proton polarization due to the process (43).
In Figure 4a we show the cross section vs Q2 for several values of the unobserved invariant masses set close to
the pion mass. Plot 4b shows polarization of protons due to the bremsstrahlung process (43) being background
to the measurements [13].
5 Conclusion
In this paper we consider the radiative effects in elastic electron-proton scattering with the hadronic variables
reconstruction method. Within this method the information on proton final momentum is used to reconstruct
the kinematic variable Q2. Another kinematic variable which can be also reconstructed from the measured
recoil momentum of proton is inelasticity. The Born cross section does not depend on the inelasticity, so this
fact may be used in measurements to make a cut on this variables. It allows to reduce radiative corrections
essentially, but at the cost of significant loss in statistics. In this paper we obtain explicit formulae for the
cross section and spin asymmetries versus Q2 and inelasticity u. We calculated RC to unpolarized cross section
and polarization observables in kinematic conditions of experiments held at JLab. We found that correction is
about one per cent. It increases when both Q2 and inelasticity go up. Also we calculated a cross section and
proton polarization from elastic ep-events that produce background in neutral pion production by polarized real
photon at JLab.
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